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Some Cyclotomic Cosets in The Ring R_(8p^n q^m )=GF(l)[x]/(x^(8p^n 1 

q^m )-1)  2 

ABSTRACT 3 

We consider the ring𝑹𝟖𝒑𝒏𝒒𝒎 = 𝑮𝑭(𝒍)[𝒙]/(𝒙𝟖𝒑𝒏𝒒𝒎
− 𝟏)where 𝑝, 𝑞, 𝑙 are 4 

distinct odd primes,l is a primitive root both modulo 𝑝𝑛  and 𝑞𝑚   such 5 

that 𝑔𝑐𝑑( 𝜑(𝑝𝑛), 𝜑(𝑞𝑚 ))=𝑑.Explicit expressions for all the 8(𝑚 × 𝑛 ×6 

𝑑 + 𝑚 + 𝑛 + 1)  CyclotomicCosetareobtained, 𝑝 does not divide 7 

q−1and 𝒍is of the form 8k+1. 8 
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1. INTRODUCTION 12 

               Let GF (𝑙) be a field of odd prime order 𝑙.Let 𝑧 ≥ 1be an integer 13 

with 𝑔𝑐𝑑( 𝑙, 𝑧) = 1.Let𝑅𝑧 =
𝐺𝐹 𝑙  𝑥 

𝑥𝑧−1
. The minimal cyclic codes of length z 14 

over 𝐺𝐹 𝑙  are ideals of the ring 𝑅𝑧 .For𝑧 = 𝑝𝑛  S.K. Arora and Manju 15 

Pruthi [1] obtained n+1 primitive idempotents in 𝑅𝑧  . 𝐴𝑔𝑎𝑖𝑛 𝑓𝑜𝑟 𝑧 =16 

2𝑝𝑛S. K. Arora and Manju Pruthi  2 obtained 2n +17 

2primitive idempotents in 𝑅𝑧 .For𝑧 = 𝑝𝑛   Anuradha Sharma, G.K.Bakshi, 18 

V.C. Dumir, M. Raka, [3]  obtained nd+1 “Cyclotomic Numbers and 19 

corresponding Primitive idempotents in  𝑅𝑧 .G.K. Bakshi and Madhu Raka 20 

[4] obtained  3𝑛 + 2 primitive idempotents in 𝑅𝑧for 𝑧 = 𝑝𝑛𝑞 where 21 

𝑝, 𝑞, 𝑙 are distinct odd primes, l is a primitive root both modulo 𝑝𝑛  and 𝑞 22 

and 𝑔𝑐𝑑( 𝜑(𝑝𝑛), 𝜑(𝑞)) = 2. Amita Sahni and P.T. Sehgal [5] extended 23 

the results of G.K. Bakshi and Madhu Raka and obtained   𝑑 + 1 𝑛 +24 

2 primitive idempotents in 𝑅𝑧for 𝑧 = 𝑝𝑛𝑞 where 𝑝, 𝑞, 𝑙 are distinct odd 25 

primes, l is a primitive root both modulo 𝑝𝑛  and 𝑞 and 26 

𝑔𝑐𝑑( 𝜑(𝑝𝑛), 𝜑(𝑞)) = 𝑑. When 𝑑 = 2 In [5], they obtain all the results of 27 

[4]. So [4] becomes a special case of [5].In this paper, we consider the 28 

case when Z=8 𝑝𝑛𝑞𝑚  where 𝑝, 𝑞, 𝑙 are distinct odd primes,l is a primitive 29 

root both modulo 𝑝𝑛  and 𝑞𝑚 .Explicit expressions for all the8(𝑚 × 𝑛 ×30 

𝑑 + 𝑚 + 𝑛 + 1)CyclotomicCosetareobtained. 𝑔𝑐𝑑( 𝜑(𝑝𝑛), 𝜑(𝑞𝑚 )) = 𝑑, 31 
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𝑝 does not divide −1. Here, we extend the results of Amita Sahni and P.T. 32 

Sehgal [5]. 33 

REMARK2.1For 0 ≤ 𝑠 ≤ 𝑧 − 1 , let𝐶𝑠 = {𝑠, 𝑠𝑙, 𝑠𝑙2, . . . , 𝑠𝑙𝑡𝑠−1}, where ts is 34 

the least positive integer such that 𝑠𝑙𝑡𝑠 ≡ 𝑠(mod 8𝑝𝑛𝑞𝑚 ) be the cyclomic 35 

coset containing s. 36 

 LEMMA2.1. Let𝑝, 𝑞, 𝑙 be distinct odd primes, n  1 an 37 

integer,𝑜(𝑙)8𝑝𝑛−𝑗 = 𝜑(8𝑝𝑛−𝑗 ),𝑜(𝑙)𝑞𝑚−𝑘 = 𝜑(𝑞𝑚−𝑘) and 38 

𝑔𝑐𝑑( 𝜑(8𝑝𝑛−𝑗 ), 𝜑(𝑞𝑚−𝑘)) = 𝑑 then𝑜(𝑙)8𝑝𝑛−𝑗𝑞𝑚−𝑘 =
𝜑(8𝑝𝑛−𝑗𝑞𝑚−𝑘)

𝑑
,  for 39 

all 0 ≤ 𝑗 ≤ 𝑛 − 1 and 0 ≤ 𝑘 ≤ 𝑚 − 1. 40 

Proof.Let𝑜(𝑙)8𝑝𝑛−𝑗𝑞𝑚−𝑘 = 𝑡, 0  j  n  1and 0 ≤ 𝑘 ≤ 𝑚 − 1.Then 41 

𝑙𝑡 ≡ 1 𝑚𝑜𝑑 8𝑝𝑛−𝑗 𝑞𝑚−𝑘Butp and q are distinct odd primes.   Hence 42 

𝑙𝑡 ≡ 1 𝑚𝑜𝑑 8𝑝𝑛−𝑗 and 𝑙𝑡 ≡ 1 𝑚𝑜𝑑 𝑞𝑚−𝑘 .Since 𝑜(𝑙)𝑝𝑛−𝑗 = 𝜑(8𝑝𝑛−𝑗 ) 43 

and, 𝑜(𝑙)𝑞𝑚−𝑘 = 𝜑(𝑞𝑚−𝑘)  therefore, 𝜑(8𝑝𝑛−𝑗 ) and 𝜑(𝑞𝑚−𝑘)divides 44 

t.Then, 𝑙𝑐𝑚(𝜑(8𝑝𝑛−𝑗 ), 𝜑(𝑞𝑚−𝑘))=
𝜑(8𝑝𝑛−𝑗𝑞𝑚−𝑘)

𝑑
 divides t.On the other 45 

hand, since 𝑜(𝑙)𝑞𝑚−𝑘 = 𝜑(𝑞𝑚−𝑘), therefore, 𝑙𝜑(𝑞𝑚−𝑘) ≡ 1 𝑚𝑜𝑑 𝑞𝑚−𝑘  46 

hence  𝑙𝜑(
8𝑝𝑛−𝑗 𝑞𝑚−𝑘

𝑑
) ≡ 1 𝑚𝑜𝑑 𝑞𝑚−𝑘 .Similarly, 𝑙𝜑(

8𝑝𝑛−𝑗 𝑞𝑚−𝑘

𝑑
) ≡47 

1 𝑚𝑜𝑑 𝑝𝑛−𝑗 . As p and q are distinct primes, therefore, we get 48 

𝑙𝜑(
2𝑝𝑛−𝑗 𝑞𝑚−𝑘

𝑑
) ≡ 1 𝑚𝑜𝑑 8𝑝𝑛−𝑗 𝑞𝑚−𝑘  49 

Hence, 𝑡 = 𝑜(𝑙)8𝑝𝑛−𝑗𝑞𝑚−𝑘 divides 
𝜑(8𝑝𝑛−𝑗𝑞𝑚−𝑘)

𝑑
 and we get that  50 

𝑡 =
𝜑(8𝑝𝑛−𝑗𝑞𝑚−𝑘)

𝑑
. 51 

 LEMMA2.2. For given 𝑝, 𝑞, 𝑙distinct odd primes such that g.c.d. 52 

(𝜑(𝑝),𝜑(𝑞))=d,and l is a primitive root mod(p) as well as q, then there 53 

always exists a fixed integer a satisfying g.c.d.(a, pq)=1,1 < a <pq,such 54 

that a is a primitive root mod(p) and the order of a mod q is 𝜑(𝑞).Also 55 

a,a2
, a

3 ,……ad-1does not belong to the set S={1 , 𝑙, 𝑙2, …, 𝑙
𝜑(𝑝𝑞 )

𝑑
−1.Further, 56 

for this fixed integer a  and for 0  j  n  1, 0  km 1the set {1 , 𝑙, 𝑙2, 57 

…, 𝑙
𝜑(8𝑝𝑛−𝑗 𝑞𝑚−𝑘)

𝑑
−1, a, a𝑙, …,a𝑙

𝜑(8𝑝𝑛−𝑗 𝑞𝑚−𝑘)

𝑑
−1, a2 , a2𝑙, a2𝑙2, …, 58 
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a2𝑙
𝜑(8𝑝𝑛−𝑗 𝑞𝑚−𝑘)

𝑑
−1ad-1, ad-1𝑙, …, ad-1𝑙

𝜑(8𝑝𝑛−𝑗 𝑞𝑚−𝑘)

𝑑
−1forms a reduced residue 59 

system modulo 8𝑝𝑛−𝑗𝑞𝑚−𝑘 . 60 

Proof: Similar Lemma 4 [10] 61 

  THEOREM2.1.If 𝜂 = 8𝑝𝑛𝑞𝑚  (m , n  1), Then the 8(𝑚 × 𝑛 × 𝑑 + 𝑚 +62 

𝑛 + 1)Cyclotomic cosets modulo 8𝑝𝑛𝑞𝑚are given by (i) C0= {0} 63 

,(𝑖𝑖)𝐶𝑝𝑛𝑞𝑚 = {𝑝𝑛𝑞𝑚  } ,(𝑖𝑖𝑖)𝐶2𝑝𝑛𝑞𝑚 = {2𝑝𝑛𝑞𝑚  },(𝑖𝑣)𝐶3𝑝𝑛𝑞𝑚 = {3𝑝𝑛𝑞𝑚  64 

},(𝑣)𝐶4𝑝𝑛𝑞𝑚 = {4𝑝𝑛𝑞𝑚  } ,(𝑣𝑖)𝐶5𝑝𝑛𝑞𝑚 = {5𝑝𝑛𝑞𝑚  },(𝑣𝑖𝑖)𝐶6𝑝𝑛𝑞𝑚 = {6𝑝𝑛𝑞𝑚  }  65 

,(𝑣𝑖𝑖𝑖)𝐶7𝑝𝑛𝑞𝑚 = {7𝑝𝑛𝑞𝑚  } .For 0 k  m1  66 

𝐶𝑝𝑛 = {𝑝𝑛 , 𝑝𝑛 l, …,𝑝𝑛 𝑙𝜑(𝑞𝑚−𝑘)−1} ,(𝑖𝑣)𝐶2𝑝𝑛 = {2𝑝𝑛 , 2𝑝𝑛 l, …, 2𝑝𝑛 𝑙𝜑(𝑞𝑚−𝑘)−1} 67 

,(𝑣)𝐶3𝑝𝑛 = {3𝑝𝑛 , 3𝑝𝑛 l, …, 3𝑝𝑛 𝑙𝜑(𝑞𝑚−𝑘)−1}  ,,(𝑣𝑖)𝐶4𝑝𝑛 = {4𝑝𝑛 , 4𝑝𝑛 l, …, 68 

4𝑝𝑛 𝑙𝜑(𝑞𝑚−𝑘)−1} ,,(𝑣𝑖𝑖)𝐶5𝑝𝑛 = {5𝑝𝑛 , 5𝑝𝑛 l, …, 5𝑝𝑛 𝑙𝜑(𝑞𝑚−𝑘)−1}   69 

,,(𝑣𝑖𝑖𝑖)𝐶6𝑝𝑛 = {6𝑝𝑛 , 6𝑝𝑛 l, …, 6𝑝𝑛 𝑙𝜑(𝑞𝑚−𝑘)−1}    ,,(𝑖𝑥)𝐶7𝑝𝑛 = {7𝑝𝑛 , 7𝑝𝑛 l, …, 70 

7𝑝𝑛 𝑙𝜑(𝑞𝑚−𝑘)−1}         and for 0  j  n1,  71 

(𝑖)𝐶𝑞𝑚 = {𝑞𝑚 , 𝑞𝑚 l, …, 𝑞𝑚 𝑙𝜑(𝑝𝑛−𝑗 )−1} 72 

(ii)𝐶2𝑞𝑚 = {2𝑞𝑚 ,2𝑞𝑚 l, …, 2𝑞𝑚 𝑙𝜑(𝑝𝑛−𝑗 )−1} Similarly we can obtain 73 

remaining 6 Cyclotomiccosets. 74 

  For 0  j  n1, and 0  k, m1 for 0  w  d1,  75 

 (i)𝐶𝑎𝑤𝑝𝑗𝑞𝑘 ={ 𝑎𝑤𝑝𝑗𝑞𝑘 ,𝑎𝑤𝑝𝑗𝑞𝑘 l, …,𝑎𝑤𝑝𝑗𝑞𝑘 𝑙
𝜑(2𝑝𝑛−𝑗 𝑞𝑚−𝑘)

𝑑
−1} 76 

, (𝑖𝑖) 𝐶2𝑎𝑤𝑝𝑗𝑞𝑘 ={ 2𝑎𝑤𝑝𝑗𝑞𝑘 ,2𝑎𝑤𝑝𝑗𝑞𝑘 l, …,2𝑎𝑤𝑝𝑗𝑞𝑘 𝑙
𝜑(2𝑝𝑛−𝑗 𝑞𝑚−𝑘)

𝑑
−1}77 

 where the number a is given by Lemma 4[10]Similarly we can 78 

obtain remaining 6 Cyclotomiccosets. 79 

. 80 

Proof:-As per the construction of the above cyclotomic cosets from (i) to 81 

(Viii), we can check that these are the only cyclotomic cosets Also, we 82 

can see that  order of  C0= {0} , (𝑖𝑖)𝐶𝑝𝑛𝑞𝑚 = {𝑝𝑛𝑞𝑚  } is one, i.e., IC0I=1 83 
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I𝐶𝑝𝑛𝑞𝑚 I=1, for 0  k   m1 order of  l  modulo 𝑞𝑚−𝑘𝜑(𝑞𝑚−𝑘) so the 84 

cardinality of  𝐶𝑝𝑛    𝑎𝑛𝑑 𝐶2𝑝𝑛  is 𝜑(𝑞𝑚−𝑘). Similarly, for 0  j  n1, so the 85 

cardinality of  𝐶𝑞𝑚    𝑎𝑛𝑑 𝐶2𝑞𝑚        𝑖𝑠 𝜑(𝑝𝑛−𝑗  ).On Similar lines, we can see 86 

For 0  j  n1,  0  k m1 and  0  w  d1,  87 

I𝐶𝑎𝑤𝑝𝑗𝑞𝑘 I =
𝜑(2𝑝𝑛−𝑗𝑞𝑚−𝑘)

𝑑
, I𝐶2𝑎𝑤𝑝𝑗𝑞𝑘 I =

𝜑(2𝑝𝑛−𝑗𝑞𝑚−𝑘)

𝑑
,  88 

𝑇𝑕𝑒𝑛, 𝑏𝑦 𝑜𝑟𝑑𝑒𝑟 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠, 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡𝑕𝑎𝑡 𝑡𝑕𝑒 𝑠𝑢𝑚 

         IC0I+ 89 

I𝐶𝑝𝑛𝑞𝑚 I+I𝐶2𝑝𝑛𝑞𝑚 I+I𝐶3𝑝𝑛𝑞𝑚 I+I𝐶4𝑝𝑛𝑞𝑚 I+I𝐶5𝑝𝑛𝑞𝑚 I+I𝐶6𝑝𝑛𝑞𝑚 I+I𝐶7𝑝𝑛𝑞𝑚 I90 

+𝐼𝐶𝑝𝑛    𝐼 + 𝐼𝐶2𝑝𝑛 𝐼 + 𝐼𝐶3𝑝𝑛    𝐼+𝐼𝐶4𝑝𝑛    𝐼 + 𝐼𝐶5𝑝𝑛    𝐼 + 𝐼𝐶6𝑝𝑛    𝐼 + 𝐼𝐶7𝑝𝑛    𝐼 +91 

𝐼𝐶𝑞𝑚   𝐼+𝐼𝐶2𝑞𝑚   𝐼+𝐼𝐶3𝑞𝑚   𝐼+𝐼𝐶4𝑞𝑚   𝐼+𝐼𝐶5𝑞𝑚   𝐼+𝐼𝐶6𝑞𝑚   92 

𝐼+𝐼𝐶7𝑞𝑚   𝐼+ 93 

 .𝑛−1
𝑗 =0  .𝑚−1

𝑘=0  {I𝐶𝑎𝑤𝑝𝑗𝑞𝑘 I 
𝑑−1

𝑤=0
+93 

I𝐶2𝑎𝑤𝑝𝑗𝑞𝑘 I+I𝐶3𝑎𝑤𝑝𝑗𝑞𝑘 I+I𝐶4𝑎𝑤𝑝𝑗𝑞𝑘 I+I𝐶5𝑎𝑤𝑝𝑗𝑞𝑘 I+I𝐶6𝑎𝑤𝑝𝑗𝑞𝑘 I+I𝐶7𝑎𝑤𝑝𝑗𝑞𝑘 I}. 94 

=4+4+8  . 𝜑 𝑞𝑚−𝑘 
𝑚−1

𝑘=0
+8  . 𝜑 𝑝𝑛−𝑗  

𝑛−1

𝑗=0
+95 

8  .𝑛−1
𝑗 =0  

𝜑(2𝑝𝑛−𝑗𝑞𝑚−𝑘)

𝑑

𝑚−1

𝑘=0
=8𝑝𝑛𝑞𝑚 . 96 
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