=

0o N o un b

10

11

12

13

14

15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

Some Cyclotomic Cosets in The Ring R_(8p”~n gm )=GF(I)[x]/(x*(8p"n
q"m )-1)

ABSTRACT

We consider the ringRgpngm = GF()[x]/(x®"1" — 1)where p,q, 1 are
distinct odd primes,/ is a primitive root both modulo p™ and g™ such
that gcd(@(p™), (@™))=d.Explicit expressions for all the 8(m X n X
d+m+n+1) CyclotomicCosetareobtained, p does not divide
g—1and lis of the form 8k+1.

Keywords: CyclotomicCoset,Cyclic Codes, Generating Polynomials, and
Minimal Cyclic Codes.

MSC: Primary 11T30; Secondary 94 B15, 11T 71.
1. INTRODUCTION

Let GF () be a field of odd prime order [.Let z = 1be an integer

with gcd(l,z) = 1.LetR, = Gg;)[lx] The minimal cyclic codes of length z

over GF(l) are ideals of the ring R,.Forz = p™ S.K. Arora and Manju
Pruthi [1] obtained n+1 primitive idempotents in R,.Again for z =
2p™S. K. Arora and Manju Pruthi [2]obtained 2n +

2primitive idempotents in R,.Forz = p™ Anuradha Sharma, G.K.Bakshi,
V.C. Dumir, M. Raka, [3] obtained nd+1 “Cyclotomic Numbers and
corresponding Primitive idempotents in R,.G.K. Bakshi and Madhu Raka
[4] obtained 3n + 2 primitive idempotents in R,for z = p"q where
p, q,l are distinct odd primes, / is a primitive root both modulo p™ and g
and gcd( (™), 9(q)) = 2. Amita Sahni and PT. Sehgal [5] extended
the results of G.K. Bakshi and Madhu Raka and obtained (d + 1)n +
2 primitive idempotents in R, for z = p™q where p, g, are distinct odd
primes, | is a primitive root both modulo p" and g and
gcd(oe(®™), ©(q)) = d. When d = 2 In [5], they obtain all the results of
[4]. So [4] becomes a special case of [5].In this paper, we consider the
case when Z=8 p"q™ where p, g, | are distinct odd primes,/ is a primitive
root both modulo p™ and g™ .Explicit expressions for all the8(m X n X

d + m + n + 1)CyclotomicCosetareobtained. gcd( ("), ¢(q™)) =d,
1
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p does not divide —1. Here, we extend the results of Amita Sahni and P.T.
Sehgal [5].

REMARK2.1For 0 < s < z—1, letC, = {s,sl,sl?,...,slt™1}, where t; is

the least positive integer such that sl*s = s(mod 8p™g™) be the cyclomic
coset containing s.

LEMMA2.1. Letp,q,l be distinct odd primes, n > 1 an
integer,o(l)g,n-j = go(8p"‘f),o(l)qm_k = p(q™ ") and
i n—j m-—k
cd 8p"7), m=kY) =d theno(Dg.n-j m—k =¢(8p—]q), for
gcd(e(Bp™™),¢(q 8p" g

d
al0<j<n—-1land0<k<m-1.

Proof.Leto(l)g,n-jm-« =t,0<j<n-1and 0 < k <m — 1.Then

It = 1mod 8p™~ q™¥Butp and g are distinct odd primes. Hence
I* = 1mod 8p™~and I' = 1mod q™ " .Since 0 (1) n-; = @(8p" /)
and, o(l) ym-r = @(q™ %) therefore, @(8p™ /) and @ (q™ *)divides

i n—j  m-—k
tThen, Iem (e (8p™ ™), <p(qm_k))=(p(8pTJQ) divides t.On the other

hand, since o(l) m-« = @(q™F), therefore, 9@ ™) = 1 mod qm*

n—j m—k 8 n—qu—k

8p p
1*Ca ) = 1mod g™ * Similarly, 1*Ca

hence
1mod p™~/. As p and g are distinct primes, therefore, we get

n—j,m-—=k

1) = 1 mod gp" I gmk

@Bp" g™ )

y and we get that

Hence, t = o0(l)g,n-j m-rdivides

TR

t d

LEMMA2.2. For given p,q,ldistinct odd primes such that g.c.d.
(p(p),9(q))=d,and I is a primitive root mod(p) as well as g, then there
always exists a fixed integer a satisfying g.c.d.(a, pg)=1,1 < a <pg,such
that a is a primitive root mod(p) and the order of a mod q is ¢(q).Also

for this fixed integer a and for0<j<n—1,0< k<m-— 1the set {1, [, [%,

@ @p" I qm k) @@ qm k)
1 1 2 2 22
N d , a, al, ..al d , a- , a’l, a’l, ..,
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@@ qm k)
eep 94 ) 1 4
a‘l d a’! a

(8 n—j m—k)
d-1 d-1, 22014 1 .
[, .. a "l d forms a reduced residue

system modulo 8p™~/ g™ k.
Proof: Similar Lemma 4 [10]

THEOREM2.1.If n = 8p"q™ (m , n>1), Thenthe mXnXxXd+m+
n + 1)Cyclotomic cosets modulo 8p™q™are given by (i) Co= {0}
(D) Cprgm= {P"q™ } ,({i)Capngm= {2p"q™ L(iv)Cpngm= {3p"q"
L(W)Cypngm={4p™"q™ } ,(VD)Cspngm= {5p™q™ },(Wii)Copngm= {6p"q™ }
,(Viit)Cpngm={7p"q™ } .For 0 <k <m-1

Con={p", p", B ACKE e (V) Copn={2p", 2p", ..., 2pn1#(@" Ty
:(U)C3p”= {3pn’ 3pn/1 ey 3pnl(p(qm_k)—1} :I(Vi)c4p"= {4pn' 4pnll e
4pn l(p(qm—k)_l} ”(vii)cspnz {Spn' Spn/, N 5pnl<ﬂ(qm—k)—l}
, (Viii)Cgpn= {6p™, 6p™, ..., 6p™ 190" "I} (ix)Cypn= {7D", D", .,

7pm12@" 791} andforo<j<n-1,
(l)Cqmz {qm’ qm/’ - qm l(p(pn_])_l}

(ii)Caqm= {29™,2q™1, .., qul‘p(pn_j)_l} Similarly we can obtain

remaining 6 Cyclotomiccosets.
For0<j<n-1,and 0<k,<m-1forO0<w<d-1,

p@pniqm k) 1

() C g s g = a"p’ q*,a¥p’ ¢", @ p gl
. . o e@"TqmTh)
, (i) Cogwpiqk={ 2a¥p’ q*,2a"p’ q¥l, 2aVpl gkl d

where the number a is given by Lemma 4[10]Similarly we can
obtain remaining 6 Cyclotomiccosets.

Proof:-As per the construction of the above cyclotomic cosets from (i) to
(Viii), we can check that these are the only cyclotomic cosets Also, we
can see that order of Cy= {0}, (ii)Cpnqm= {p"q™ }is one, i.e., ICyl=1
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ICyngml=1, for 0 < k < m-1 order of /| modulo g™ *@(g™*) so the
cardinality of C,n and Cy,n is @(q™"). Similarly, for 0<j<n-1, so the
cardinality of C,m and Cyqm  is @(p™™’ ).On Similar lines, we can see
For0<j<n-1, 0<k<m-land 0<w<d-1,

2n—jmk 2n—j
Tl _»@p"q )IC _9@p"q

d 2a%p/q* d ’

m—k)

Then, by order considerations, it follows that the sum

1Col+
1Cyngm 1+ Copn gm 1+1C 3 gm 141 Capn gm 1+1C s pn gm 1+1C g n gm 1+1C 7 n g |
+ICpn I+ 1Cyynl + [C3yn 1+1Cypn I+ ICsyn [+ 1Cepn [+ 1C7yn 1+
[Cgm  [+/C2gm  [+/C3gm  [+/C4gm  [+/C5qm  /+/C6gm
[+/C7gm A+

d—1
el 2”;01-2 {IC il +
w=0
ICZaijqkI+IC3aijqkl+IC4aijqkI+IC5aijqkI+IC6aijku+IC7aijqkI}.
-1 B -1 -
=4+4+8 Z:;o (g™ *)+8 Z}T,lzo.(p(p” 7) +

m—1 - m—
_ (2 n—j,m k)
82};01.2 ¢(2p dq -gpnq™
k=0
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